The proofs of many factorization results for an intuitionistic fuzzy binary relation h ; i involve dual proofs, one for with respect to a t-conorm È and one for with respect to a t-norm . In this paper, we show that one proof can be obtained from the other by considering È and dual under an involutive fuzzy complement. We provide a series of singular proofs for commonly de¯ned norms and conorms.
Introduction
The factorization of a weak preference relation into a strict preference relation and an indi®erence relation is unique in the crisp case. In the fuzzy case, there may be several factorizations of a fuzzy weak preference relation.
Let X be a non-empty set. A function from X into the closed interval ½0; 1 is called a fuzzy subset of X 1 . Let be a fuzzy subset of X. Then the support of , SuppðÞ, is de¯ned to be fx 2 XjðxÞ > 0g. The cosupport of , CosuppðÞ, is de¯ned to be fx 2 XjðxÞ < 1g. Let t 2 ½0; 1. Then the t-level set of , written t , is de¯ned to be the set fx 2 XjðxÞ ! tg. A fuzzy binary relation on X is a fuzzy subset of the set of ordered pairs X Â X. We let F RðXÞ denote the set of all fuzzy binary relations on X. Let ; be fuzzy subsets of X. We write if ðxÞ ðxÞ for all x 2 X. We write & if and there exists x 2 X such that ðxÞ < ðxÞ. We let^denote the minimum or in¯mum of a set of real numbers and _ denote maximum or supremum of a set of real numbers.
Intuitionistic fuzzy sets were introduced by George Gargov, but Krassimir Atanassov has been the leader in the¯eld. 2, 3 An intuitionistic fuzzy set consists of a set X and two fuzzy subsets and of X such that ðxÞ þ ðxÞ 1. In Ref. 4 , a factorization of an intuitionistic fuzzy binary relation into a unique indi®erence component and a family of regular strict components was provided. This result generalizes a result in Ref. 5 with the ðmax; minÞ intuitionistic fuzzy t-conorm. In Ref. 4 , a characterization of C-transitivity for a continuous t-representable intuitionistic fuzzy t-conorm C was established. This enabled the authors to determine necessary and su±cient conditions on a C-transitive intuitionistic fuzzy binary relation under which a component of satis¯es pos-transitivity and negative transitivity.
In Ref. 6 , some results on t-representable intuitionistic fuzzy t-norms ðT ; SÞ were established, where T is a fuzzy t-norm and S is a fuzzy t -conorm such that T ða; bÞ ¼ 1 À Sð1 À a; 1 À bÞ for all a; b 2 ½0; 1:
An intuitionistic fuzzy binary relation h ; i on a set X is a pair of fuzzy binary relations and on X such that for all x; y 2 X, ðx; yÞ þ ðx; yÞ 1. In Ref. 7 , the authors obtained some intuitionistic versions of Arrow's impossibility theorem. They also provide an example of a nondictatorial intitionistic fuzzy aggregation rule. They also establish an intuitionistic version of Gibbard's theorem. Many of their results rely on the factorization of intuitionistic fuzzy reference relations. The proofs of many factorization results for an intuitionistic fuzzy binary relation h ; i involve dual proofs, one for with respect to a t-conorm È and one for with respect to a t-norm . In this paper, we show that one proof can be obtained from the other by considering È and dual under an involutive fuzzy complement. The key ideas are presented just prior to Theorem 3.8.
In Sec. 2, we present preliminary results needed for the rest of the paper. In Sec. 3, we present basic properties concerning the factorization of intuitionistic fuzzy preference relations. In Sec. 4, we present factorization results involving a wide variety of t-conorms and t-norms.
Preliminaries
We present results needed for the remainder of the paper. De¯nition 2.1. A function : ½0; 1 Â ½0; 1 ! ½0; 1 is called a t-norm if the following properties hold: 8 a; b; c 2 ½0; 1 (1) ða; 1Þ ¼ a (boundary condition), (2) b c implies ða; bÞ ða; cÞ (monotonicity), (3) ða; bÞ ¼ ðb; aÞ (commutativity), (4) ða; ðb; cÞÞ ¼ ðða; bÞ; cÞ (associativity).
We say that a t-norm is strict if 8 a; b; d 2 ½0; 1; b < d implies ða; bÞ < ða; dÞ: De¯nition 2.2. A function È: ½0; 1 Â ½0; 1 ! ½0; 1 is called a t-conorm if the following properties hold: 8 a; b; c 2 ½0; 1 (1) Èða; 0Þ ¼ a (boundary condition), (2) b c implies Èða; bÞ Èða; cÞ (monotonicity), (3) Èða; bÞ ¼ Èðb; aÞ (commutativity), (4) Èða; Èðb; cÞÞ ¼ ÈðÈða; bÞ; cÞ (associativity).
We say that a t-conorm is È strict if 8 a; b; d 2 ½0; 1; b < d implies Èða; bÞ < Èða; dÞ. (1) cð0Þ ¼ 1 and cð1Þ ¼ 0 (boundary conditions), (2) 8 a; b 2 ½0; 1; a b implies cðaÞ ! cðbÞ (monotonicity), If (3) cðcðaÞÞ ¼ a for all a 2 ½0; 1; then c is called involutive.
It is known that if c: ½0; 1 ! ½0; 1 satis¯es conditions ð2Þ and ð3Þ; then c is continuous and satis¯es condition ð1Þ. 8 It is also clear that if c is involutive, then c is one-to-one and thus strictly decreasing.
The following result is certainly known, at least for the standard complement. We present its proof for the sake of completeness. Proposition 2.4. Let c be an involutive fuzzy complement.
(1) Let È be a t-conorm. De¯ne : ½0; 1 2 ! ½0; 1 by 8 a; b 2 ½0; 1, a b ¼ cðcðaÞ È cðbÞÞ. Then is a t-norm. (2) The proof of (2) is similar to that of (1).
Let c be an involutive fuzzy complement. Given È. De¯ne in terms of È and c as above. Now de¯ne b È in terms of and c as above. Then b È ¼ È since c is one-to-one. Similarly, given , then b È ¼ , where È is de¯ned in terms of and c and then b is de¯ned in terms of È and c.
Thus if is determined from È by an involutive complement c, then È is determinable from by c and vice versa. In either case, we call È and dual under c Proposition 2.5. Let c be an involutive fuzzy complement. Let È i and i be dual t-conorms and t-norms under c, respectively, i ¼ 1; 2. Then È 1 È 2 if and only if 1 ! 2 .
Proof. We have Proposition 2.6. Let c be a involutive fuzzy complement. Let È and be dual t-conorms and t-norms under c, respectively. Then È is strict if and only if is strict.
Proof. Let a; b; d 2 ½0; 1. Suppose È is strict. Then
Thus is strict. That is strict implies È is strict follows similarly. 
Intuitionistic Fuzzy Preference Relations and their Factorization
In this section, we present some basic properties concerning the factorization of intuitionistic fuzzy preference relations. De¯nition 3.1. Let T denote the set of all continuous t-norms. The quasi-division of a t-norm , denoted , is the function : ½0; 1 2 ! ½0; 1 de¯ned by 8 a; b 2 ½0; 1; a b ¼ _ft 2 ½0; 1ja t bg.
Let F RðXÞ denote the set of all fuzzy binary relations on a set X: We sometimes write F R for F RðXÞ when X is understood. For 2 F RðXÞ; we often associate an c-asymmetric fuzzy relation on X. Proposition 3.6. Suppose is a t-norm. Suppose ; ; 2 F R:
is c-asymmetric, and (iii) is symmetric, then ðx; yÞ ¼ ðx; yÞ _ ðy; xÞ.
Let c be an involutive fuzzy complement and 2 FR: De¯ne the fuzzy preference relation c on X by 8 x; y 2 X; c ðx; yÞ ¼ cððx; yÞÞ. Proposition 3.7. Let c be a involutive fuzzy complement. Let È and be dual t-conorms and t-norms under c; respectively.
Proof. (1) Let x; y 2 X: Then ðx; yÞ ¼ ðx; yÞ È ðx; yÞ ¼ cðcððx; yÞÞ cððx; yÞÞÞ: Thus cððx; yÞÞ ¼ cððx; yÞÞ cððx; yÞÞ: That is, c ðx; yÞ ¼ c ðx; yÞ c ðx; yÞ:
(2) The proof of (2) is similar to that of (1).
Consider (1) Key idea: Let c be an involutive complement and let È and be a t-conorm and t-norm, respectively, dual with respect to c: Let f be the function of F R into F R de¯ned by 8 2 FR, fðÞ ¼ c : Then f is one-to-one and onto. Hence when a result concerning c is determined from a result concerning ; then the result for c is a general result since f is one-to-one and onto. Thus if h ; i is an intuitionistic fuzzy preference relation, a result for has an immediate corresponding result for .
Theorem 3.8. Let c be a involutive fuzzy complement. Let È and be dual t-conorms and t-norms under c; respectively. Let 1 ; 2 2 CðT Þ: Let 2 FR. 2 . Let T denote the set of all intuitionistic fuzzy preference relations h ; i on X: Then T n is the of all such n-tuples. 
Since is an arbitrary element from F R and f is a one-to-one function from F R onto F R; we have that c is also an arbitrary element from F R: Hence the following result is true. Consider an intuitionistic fuzzy subset h ; i of X: If Proposition 3.15 holds for ; then Proposition 3.17 holds for (and conversely). We have that ðx; yÞ þ ðx; yÞ > 1:
Factorizations
The following list of t-conorms and t-norms is taken from Ref. 8 . Conorms
Schweizer and Sklar: 
Schweizer and Sklar: We now present some factorization results with respect to t-conorms which do not appear elsewhere. The desired result follows since 0 t 1. The desired result follows since 0 t 1.
Proposition 4.14. Let È be the Dombi conorm. Then it is not the case that 8 x; y 2 X; 8 2 FR such that ðx; yÞ > ðy; xÞ; ðx; yÞ ¼ t È ðy; xÞ has a solution for t:
Proof. Suppose ðy; xÞ > 0: Suppose there exists t 2 ð0; 1 such that ðx; yÞ ¼ t È ðy; xÞ: Then ðx; yÞ ¼ ½1 þ ½ð
Now ½1 þ ½ð Proof. Let t be a solution to Eq. (1). Then ðx; yÞ ¼ tðx; yÞ=ð2 À t À ðx; yÞ þ tðx; yÞÞ and so 2ðx; yÞ À tðx; yÞ À ðx; yÞðx; yÞ þ tðx; yÞðx; yÞ ¼ tðx; yÞ: Thus t ðx; yÞ þ tðx; yÞ À tðx; yÞðx; yÞ ¼ 2ðx; yÞ À ðx; yÞðx; yÞ: Hence t ¼ ð2ðx; yÞ À ðx; yÞðx; yÞÞ=ððx; yÞ þ ðx; yÞ À ðx; yÞðx; yÞÞ:
The desired result now follows easily. 
Conclusion
In this paper, we provided factorization results for intuitionistic binary relations h ; i: Speci¯cally, we de¯ne a function f of F R into F R for every 2 F R; fðÞ ¼ c : Therefore, when a result regarding c is obtained from a result for ; then the result for c is a general result since f is one-to-one onto. When dealing with intuitionistic fuzzy preference relations this means that has a direct e®ect on : We showed that the results for and are dual which allows us to prove a variety of factorization results already established in the literature for h ; i with a single proof. A further research project would be to apply the results to Arrowian like conditions.
